A continuous Ising model is studied which is an analogue of the discrete Ising model with degeneracy presented recently. The state density D(a,) of each component system is given as a sum of Gaussian error functions of the continuous state variable a,(i=1, 2,-··, N), N denoting the total number of component systems: Berlin and K.acl) have presented the so-called Gaussian model, which is mathematically so simple that can be treated exactly and is illuminating in statistical mechanical investigation of phase transition. In particular, it plays a role of basic system in the renormalization-group theory of critical scaling. In reference to this basic system, the s 4 -model has been introduced by Wilson and Kogut"), on the basis of which the renormalization procedure has been established to scale the system and consequently to clarify the critical indices.") The s 4 -model simulates the Ising model and is reasonably called the continuous Ising model. On the basis of such a model the renormalization-group approach is made tractable and various critical indices in the second-order phase transition are derived!)· 4 )
§ 1. Introduction Berlin and K.acl) have presented the so-called Gaussian model, which is mathematically so simple that can be treated exactly and is illuminating in statistical mechanical investigation of phase transition. In particular, it plays a role of basic system in the renormalization-group theory of critical scaling. In reference to this basic system, the s 4 -model has been introduced by Wilson and Kogut"), on the basis of which the renormalization procedure has been established to scale the system and consequently to clarify the critical indices.") The s 4 -model simulates the Ising model and is reasonably called the continuous Ising model. On the basis of such a model the renormalization-group approach is made tractable and various critical indices in the second-order phase transition are derived!)· 4 ) One of the present authors (H.N.) has been interested in which character of the component system causes the transition of first order or that of second order and have studied the Ising model of higher spin with degeneracy in a previous paper 4 ) (referred to as I hereafter). It has been shown that the transitions of first and second orders occur depending on the relative magnitude of degeneracies. The larger the relative magnitude of degereracy of the state with lower spin value is, the more likely the first order transition occurs. The cnterion for the first and second order transitions has been given by means of the mean field approximation.
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In this connection, vve study a continuous Ising model which exhibits a transition of first order as well as that of second order depending on the parameters involved in the model.
Explicitly, the state density D(!Ji) of a component system is expressed as such a sum of three Gaussian error functions of state variable !J; (Fig. 1) as given later by (19). The transition of first order exclusively occurs in the asymmetric case ( B=/=C). In the symmetric case ( B = C, b =c), the critical condition limiting cases of first and second orders of transition is given by (39) for the parameters defined by (27), (21) and the first equation of (38); that is, the first and second order transitions are shown to occur for the cases of D larger and smaller than Dcr given by (39), respectively.
In § 2 the general formulation is presented by modifyir~g the one for the discrete model given in I. In § 3, symmetric cases, including the Gaussian model and the usual Ising model, are treated and the criterion of first and second order transitions as mentioned above is clarified. The transition temperatures of either kind and temperature dependences of the order parameter are also obtained. Asym- 
The average of the sort mentioned above is given for a function Q(!J~> ···, !JN) of the !J/s as 
By expanding the right-hand side of Eq. ( 4) into a power senes of {3, we get
n=l where the An's denote the semi-invariants for the total interaction energy Vtot = ~ci,jl V(!Ji, !Jj) (see Eq. (6) in I). For the sake of simplicity, we stop at the first term in Eq. (5), which corresponds to the mean field approximation. The pair potential is assumed simply as (6) m which both U and ~V are taken to be zero except between the nearest-neighbouring pair of systems arranged in a certain lattice in order to make the argument definite, although this simplification is unnecessary in the mean field approximation.
~Vis necessarily dropped in the symmetric case. Neglecting An(n>2) in Eq. (5),
we get
where z denotes the coordination number of the lattice. We can evaluate Q(o) from the inverse transform of the Fourier-Laplace transform of (2) as
where the integration is carried out along a straight line parallel to the imaginary axis from t-i= to t+i= on the complex (-plane. The function s(o) in (8) represents the entropy per system. With the use of a function of t defined by Q ( !5) which 1s given by (8) can be rewritten as By making use of (11), (14) and (7), Eq. (1) leads to
From the maximum of the integrand on the right-hand side of Eq. (15), we get the free energy, 
F((J, T) =E((J, T) +NkT r~((J)d(J,

F((J, T, H) =E((J, T) -NH(J+NkT r~((J)d(J.
(17)
In the following we utilize, in place of (17), the reduced free energy in the unit NkT given by By making j((J, T, H) minimum, the order parameter (j at thermal equilibrium is determined.
In the following we assume the state density as such a sum of a few separated Gaussian functions as illustrated in Fig. 1 and given by where A, B, C, a, b and c are all adjustable parameters. The area between the curve and the axis of abscissas in Fig. 1 is expressed as (20) where we define the areas for the component Gaussian functions Fig. 1 . Density of state expressed as a sum of three Gaussian error functions (for the symmetric case).
In the limit that a, b and c tend to the infinity with Sa, Sb and Sc being kept finite, all the component Gaussian functions are reduced to the delta functions and we get the discrete model which has been discussed in I. By substituting (19) into (9), we get which leads, by means of Eq. (13), to
Substituting for ~ the expansion into power series of 6 of the form (24) we expand the right-hand side of (23). Then, equating terms of the same power on both the sides, we can determine ~0 , ~~> ~2 and so on. By substituting (24) into (18) , we get !(6, T, H) =h(T) a+C2(T)6 2 +Cs6 3 +C46 4 +C5a 5 +C66 6 + ···,
where we have defined We assume here the symmetries
Accordingly we have in (19) and (6) B=C, b=c, W=O.
In the simplest case B=C=O, we get from (23') u=/;/2a. 
Substituting (34) into (25), we obtain f(rJ, T, 0) = C2 (T) rJ' + C4rJ 4 + C6rJ 6 + ....
As the coefficient C4 in (35) is always positive, we have the transition of second order (as shown in Fig. 1 in I) , where the transition temperature Tc equal to T 2 given in (34) increases with the breadth of the component Gaussian function.
In the next place, we consider a more general case in which A and B = C are all finite. Equation (23') is here reduced to It is seen that the order of the phase transition depends on the sign of C" which changes at a critical value of the areal ratio D given by Dcr=4/ (3a'-2).
In the case that D is smaller than Dcr and accordingly C4 is positive, we have the transition of second order, in which the transition temperature is equal to T 3 given in the second expression of (37), and the thermodynamical properties of the system The discrete model with a= b = c = oo belongs to the category in which a= b = c and therefore a= 1 as seen from the expression for a in (38). The critical value Dcr=4 is common to all systems which belong to this category. The corresponding critical value of the parameter p which has been defined in I as a number identical with 2/ (D + 2) equals 1/3 as has been found in I. The transition temperature T,, however, also depends on the sharpness parameter a, as seen from ( 40), (37) and (38). In this respect we get more varieties for the condition of phase transition by extending to the continuous model. Even the critical value Dcr differs from 4 in the case of a unequal to unity. The relation of Dcr with a is given by (39) and is shown diagrammatically in Fig. 2 , where we have transitions of first and second orders in the regions above and below the curve, respectively.
We show some of the results diagrammatically in the following. Figure 3 
with the use of the abbreviations, I I I 1 0 1.0 2klzUT 1.0 2klzU·T Fig. 10 . Relations of the order parameter to tern- Fig. 11 . Relations of the order parameter to perature and areal ratio in the asymmetric case temperature and areal ratio in the asyma=lOO, b=10, c=500. metric case a=10, b=100, c=500.
